Abstract: We find all smooth toric bases that support elliptically fibered Calabi-Yau threefolds, using the intersection structure of the irreducible effective divisors on the base. These bases can be used for F-theory constructions of six-dimensional quantum supergravity theories. There are 61,539 distinct possible toric bases. The associated 6D supergravity theories have a number of tensor multiplets ranging from 0 to 193. For each base an explicit Weierstrass parameterization can be determined in terms of the toric data. The toric counting of parameters matches with the gravitational anomaly constraint on massless fields. For bases associated with theories having a large number of tensor multiplets, there is a large non-Higgsable gauge group containing multiple irreducible gauge group factors, particularly those having algebras e 8 , f 4 , and g 2 ⊕ su(2) with minimal (non-Higgsable) matter.
Introduction
F-theory [1, 2, 3] provides a very general and nonperturbative approach to constructing vacua of string theory. In six dimensions, there is a large connected moduli space of Ftheory vacua. Branches of this moduli space are described by F-theory on elliptic fibrations over different bases B that are complex surfaces. Branches associated with different bases are connected through tensionless string transitions [4, 5, 3] . Over each specific base surface B there is a rich space of physical theories with different gauge groups and matter content, characterized by different configurations of 7-branes on B associated with different singularity structures in the elliptic fibration over B. The geometry of an F-theory model is closely mirrored in the structure of the resulting supergravity theory. For example, the number of tensor multiplets T in the 6D supergravity theory from an F-theory compactification corresponds to the topological structure of B through T = h 1,1 (B) − 1. 6D supergravity theories with a general number of tensor multiplets that satisfy anomaly cancellation were originally described in [6, 7] . Much of the study of 6D F-theory models has focused on a simple set of base manifolds with small T . In particular, the Hirzebruch surfaces F m give F-theory models with T = 1 that are dual to heterotic compactifications on a smooth K3 [3] . Recent work [8, 9, 10] has explored the set of models over the simplest F-theory base P 2 , with T = 0. In this paper we explore the space of all F-theory bases by explicitly constructing and enumerating all smooth surfaces that have a description in terms of toric geometry and can act as bases for an elliptically-fibered Calabi-Yau threefold.
The approach we take here to describing bases for elliptic fibrations is based on the intersection structure of divisors on the base. In a general F-theory model, the gauge group and matter content of the corresponding supergravity theory are determined by the structure of the elliptic fibration. This structure is encoded physically in the positions of 7-branes on B. Elliptic fibrations can be described through a Weierstrass model y 2 = x 3 + f x + g, where f, g are sections of certain line bundles over the base B. By varying the continuous parameters in f and g that describe the fibration, the 7-branes can be moved to increase or decrease the gauge group and massless matter content, corresponding to Higgsing and unHiggsing fields in the supergravity theory. For many bases, such as the Hirzebruch surfaces F m , m > 2, the Weierstrass coefficients f and g must vanish on certain codimension one cycles (divisors) on the base B. This gives rise to a certain gauge group content for each base that cannot be removed through Higgsing by massless matter fields in the theory. In a recent paper [11] , we gave a systematic analysis of the intersection structure of divisors for any base. We identified a set of irreducible blocks ("non-Higgsable clusters") composed of one or more intersecting divisors of self-intersection -2 or less that impose a non-Higgsable gauge group, sometimes combined with a fixed massless matter representation, on the resulting supergravity theory. In this paper we use this set of blocks as a guide in the construction of all toric bases. For toric bases, the configuration of irreducible effective divisors with negative self-intersection is very simple, and always lies within a closed linear chain, greatly simplifying the analysis. A challenge for future work is to use related methods to analyze more general, non-toric bases. Previous work has been done using toric geometry in another way to classify elliptically fibered threefolds for F-theory compactifications [12, 10] . In that work, toric methods were used to construct the entire threefold for the compactification as a hypersurface in a toric variety (compact Calabi-Yau manifolds cannot themselves be toric). The approach taken here simplifies the story by focusing on the geometry of the base.
For a given toric base, the methods of toric geometry give a simple classification of the monomials that appear in the Weierstrass coefficients f, g. This gives an explicit Weierstrass parameterization for every toric base. We clarify some subtleties in the counting of degrees of freedom and confirm that the number of degrees of freedom in the Weierstrass models matches with the number of massless scalar fields H expected from the gravitational anomaly condition H − V = 273 − 29T , where V is the number of vector multiplets. This explicit parameterization can be used for further analysis of the space of theories over any given base. It also confirms for any given base that the minimal gauge and matter content is precisely that expected from the non-Higgsable clusters in the set of irreducible divisors.
In Section 2 we review some basic aspects of F-theory, algebraic geometry, and toric geometry that will be useful. In Section 3 we describe the complete set of toric bases for 6D F-theory models. In Section 4 we show how an explicit Weierstrass parameterization can be easily constructed for any toric F-theory base, and describe how the number of degrees of freedom in the theory matches the toric data. Section 5 suggests natural extensions of this analysis to non-toric bases and four-dimensional F-theory models, and Section 6 contains concluding remarks.
Geometry of bases for 6D F-theory models
In this section we briefly review some aspects of F-theory and geometry that will be useful in this work. Some of the basic aspects of the ideas used here are described in more detail in [11] . Further pedagogical introductions to F-theory can be found in [13, 14, 15] .
Base surfaces for F-theory models
A six-dimensional F-theory model is constructed from an elliptic fibration with section over a base B, where the total space is a Calabi-Yau threefold. The elliptic fibration for a 6D F-theory model can be described by a Weierstrass form where K is the canonical class of B. The intersection form on H 2 (B, Z) controls much of the physics of the associated 6D supergravity theory [16, 17] . This intersection form has signature (1, T ), where T = h 1,1 (B) − 1 is the number of tensor multiplets in the 6D supergravity theory. The discriminant locus ∆ can be described physically in terms of 7-branes in the language of type IIB string theory [18] . These 7-branes are wrapped on divisor classes where ∆ vanishes. Singularities of the elliptic fibration can occur where the Weierstrass coefficients f and g vanish. Such codimension one singularities were classified by Kodaira [19] and correspond to a nonabelian gauge group in the 6D supergravity theory, the algebra of which can be computed using the Tate algorithm [3, 20, 21, 22] . The type of singularity on a curve D is determined by the degrees of vanishing of f, g, ∆ on that curve. For example, when f and g vanish to orders 4 and 5, ∆ vanishes to order 10 and the singularity gives rise to an e 8 gauge algebra. When f, g vanish to order ≥ 4 and ≥ 6, ∆ vanishes to order 12 and the singularity cannot be resolved in a fashion compatible with the Calabi-Yau condition on the total space of the fibration. Tables of singularities and symmetries are found in many F-theory papers and reviews, including [3, 20, 22, 11] . When B contains an irreducible effective divisor D of self-intersection −3 or below, −K · D < 0, f and g must vanish on D to at least order 2, and a nonabelian gauge theory must appear in the corresponding 6D supergravity theory. In general this situation is described by the "Zariski decomposition" of A [23, 24] , where any effective divisor A can be decomposed over the rational numbers as
(2.4)
where Y (the "free part") satisfies Y · C ≥ 0 for all curves C on the surface and Y · C i = 0 for the irreducible effective C i such that A · C i < 0, and ζ i C i (the "fixed part") contains all irreducible divisors C i with A · C i < 0. For example, for a curve D of selfintersection −3, the Zariski decomposition of the anti-canonical divisor is −K = (1/3)D + Y , so sections f, g of −4K, −6K must vanish at least twice (≥ 4/3, ≥ 2 times) on D, and thus must carry a gauge group the algebra 1 of which contains su(3). Similarly, a divisor D of self-intersection −4 must carry an so (8) , and for D · D < −4 various other gauge algebras must appear, up to curves of self-intersection −12 that carry an e 8 gauge algebra. Furthermore, certain combinations of intersecting curves with negative self-intersection must carry more complicated gauge group factors with charged matter. For example, a −3 curve intersecting a −2 curve must carry a gauge algebra g 2 ⊕ su(2) and charged matter living in the (7 + 1, 1 2 2) representation of this algebra. A complete analysis of all such possibilities is given in [11] ; the results of this analysis are summarized in Table 1 , with the associated geometries depicted in Figure 1 . The clusters with a single curve of negative self-intersection are all familiar from F m bases, and the gauge groups and matter content associated with multiple-curve clusters were previously encountered in the field theory context in [25] . In addition to the various "non-Higgsable" clusters that must carry a nontrivial gauge group factor and (in some cases) matter, there can also be configurations of intersecting −2 curves. f and g do not need to vanish on the −2 curves, so there is no gauge group enforced on these blocks. The gauge group over any irreducible curve can have a larger algebra than the minimal algebra indicated in Table 1 , if the Weierstrass coefficients f, g vanish at higher order then the minimal order required. In general, however, such larger gauge groups can be broken by Higgsing massless matter fields, and for generic Weierstrass coefficients over any given base the gauge algebra and matter content are expected to have the minimal form. We do not have a proof that this is true in general, but, as described in Section 4, this property holds for all the toric bases constructed in this paper.
The various clusters described in Table 1 can be connected by −1 curves that intersect multiple clusters in various ways. The details of which clusters can be connected by −1 curves are described in [11] . There can also be connected sets of −2 curves connected to each other and the irreducible clusters by −1 curves.
While a codimension one locus in the base where ∆ vanishes to order 12 cannot be made compatible with a resolved elliptic fibration where the total space is a Calabi-Yau threefold, the same is not true of a codimension two singularity locus. If the degrees of vanishing of f, g, ∆ reach 4, 6, 12 at a point in the base, it is still possible to resolve the geometry to get a valid F-theory compactification. This requires, however, that the point in the base B is Each cluster including at least one curve of self-intersection −3 or less gives rise to a minimal gauge algebra and matter configuration. The numbers ζi are the coefficients appearing in the Zariski decomposition of
Figure 1: Clusters of intersecting curves that must carry a nonabelian gauge group factor. For each cluster the corresponding gauge algebra is noted and the gauge algebra and matter content are listed in Table 1 blown up, associated with an extremal transition to another base geometry B ′ . Blowing up a point in B modifies the space of divisors and the corresponding intersection form in a simple way described by standard results in algebraic geometry [26, 27] . In general, blowing up a point p in the base gives a new rational curve with the topology of P 1 . This curve is a new irreducible effective divisor E (the "exceptional divisor") with self-intersection −1.
The blow-up is described generally by a map π : B ′ → B where π : E → p. Any curve C with self-intersection C · C = n in B that passes through p with multiplicity m goes to a curveC in B ′ (the proper transform of C) with self-intersectionC ·C = n − m 2 and C · E = m. The anticanonical divisor of B ′ contains E as a component 5) where −K denotes the total transform, i.e., the proper transform of a −K that does not pass through p. The results of blowing up a point on one of a set of intersecting irreducible effective curves are shown graphically in some simple cases in Figure 2 . Blowing up a point on a −m curve C leads to a curveC with self-intersection −m − 1 crossed by the exceptional −1 curve. Blowing up a point at an intersection between a −m curve and a −n curve gives a chain of three curves of self-intersection −m − 1, −1, −n − 1, with the exceptional divisor in the middle. These are the only cases needed in the analysis of toric varieties that we focus on in this paper. More generally, the geometry can be more complicated with multiple intersections between divisors and singularities such as nodes on the divisors. We touch on these issues briefly in Section 5.1
Toric bases
Toric varieties are a particularly beautiful and simple class of algebraic varieties. A toric variety is essentially an algebraic variety carrying an action of (C * ) n , where n is the complex dimension of the variety. Toric varieties of complex dimension n can be thought of as different compactifications of (C * ) n . We only use the very basic aspects of toric geometry in this paper. A good introduction to the subject can be found in [28] , and in various papers such as [29] that emphasize the application to physics. We give here a brief review of the elements of toric geometry needed for understanding toric varieties of complex dimension two, or toric surfaces, following [28] . A toric surface is defined by a fan consisting of a set of one-dimensional and two-dimensional cones emanating from the origin 0 of the 2D lattice N = Z 2 . The 1D cones are rays generated by integral vectors v i ∈ N , with no two vectors parallel. The 2D cones are the regions between adjacent rays (which must be convex). The origin is a zero-dimensional cone that is also included in the fan. The origin represents the complex torus (C * ) 2 , which is contained in every toric variety, 1D cones represent divisors, and 2D cones represent points, with the geometric picture of inclusions for the manifold matching that of the toric diagram although dimensions are inverted.
The set of holomorphic functions on the set (C * ) 2 associated with the origin of N is C[z, z −1 , w, w −1 ]. A holomorphic monomial is associated with every element of the dual lattice M = Hom (N, Z). Choosing a specific basis e x , e y for N , the element ae * x + be * y is associated with the monomial z a w b . For every cone σ in the fan there is a ring of holomorphic functions that extend to the part of the variety associated with that cone. This ring is described by the dual cone σ * = {u ∈ M : u, v ≥ 0 ∀v ∈ σ}. This gives a set of local coordinate patches that can be glued together giving a global algebraic description of the variety. The surface is compact when the fan covers the entire plane -i.e., when the 2D cones are taken between all pairs of vectors in a cyclic ordering. The surface is smooth if the vectors bounding each 2D cone form a basis for the lattice. As a simple example, the fan for P 2 is generated by the vectors
The holomorphic functions on the torus (C * ) 2 ⊂ P 2 are spanned by monomials z n w m , with (n, m) ∈ M = Z 2 . For the cone spanned by v 1 , v 2 the dual cone is spanned by (0, 1), (1, 0) so in that coordinate patch local holomorphic functions are z n w m , n, m ≥ 0, generated by z, w. In the patch associated with the cone spanned by v 1 , v 3 the holomorphic functions are generated by w −1 , zw −1 , and in the cone spanned by v 1 , v 2 the holomorphic functions are generated by z −1 , wz −1 . These are the usual local coordinates on P 2 in homogeneous coordinates (s : t : u) where z = s/u, w = t/u, with the usual rules for patching together the different local coordinate charts. As another class of examples, the fan for the Hirzebruch surface F m is generated by the vectors
The Hirzebruch surfaces are P 1 bundles over P 1 ; this can be seen in the toric description, from the projection along the vertical axis; the vectors v 2 , v 4 provide the fan of the fiber P 1 , and the projection of the remaining vectors provide the fan of the base P 1 . The irreducible effective divisors and intersection structure of a toric variety can be read off directly from the toric diagram. The general algorithm for deriving the intersection ring from the toric data is particularly simple in the case of surfaces. On a surface, each vector v i generating a 1D cone represents an irreducible effective divisor D i . There are two linear relations on these divisors, given by 
The set of irreducible effective curves associated with the toric divisors can be described graphically as a loop of connected curves, as shown in the right side of Figure 3 (see also Figure 6 ). For the toric surface to be a good base for an F-theory compactification, the sequence of intersection numbers must correspond to an allowed sequence of blocks from Table 1 connected by curves of self-intersection −1 or less. In [11] a complete analysis is given of which blocks can be connected by a curve of self-intersection −1. The results of this analysis relevant for toric surfaces are summarized in Table 2 . For example, a −4 curve can be connected to another −4 curve by a −1 curve, but not to a −5 curve as the degrees of vanishing of f, g, ∆ become too great at the intersection of the −1 and −5 curves, so that point must be blown up to get an acceptable F-theory base. These connectivity rules provide strong constraints on which toric surfaces can be used as F-theory bases.
A point represented by a 2D cone σ ij bounded by 1D cones generated by v i , v j can be blown up by adding a new vector v = v i + v j to the fan, and dividing the 2D cones accordingly. Similarly, a curve represented by a vector v which is equal to the sum of the adjacent vectors is always a −1 curve and can be blown down. For example, P 2 as described in (2.6) can be blown up at the point in the cone σ 13 bounded by v 1 , v 3 giving the point v 4 = (0, −1), reproducing the toric description (2.7) of F 1 . Since P 2 admits a symmetry which maps any point to any other, this is the only blow-up of P 2 . For each (-12) (-2, -2, -3)
any cluster 
Thus, blow-ups connect F m to X m and X m−1 . These blow-ups are shown in both toric and graphical curve form in Figure 4 .
Enumeration of bases
The mathematical classification of complex surfaces is well understood [27, 30] . In the minimal model approach, a surface is systematically reduced by blowing down −1 curves until a minimal surface without −1 curves is reached. Using this approach, all smooth F-theory bases giving 6D N = 1 supergravity theories can be blown down to P 2 or F m by successfully blowing down irreducible effective −1 curves [31, 3] . 2 Note that after blowing down an F-theory model, the Weierstrass model on the blown down surface has (f, g, ∆) of multiplicities at least (4, 6, 12) at the blown down points, which is why we normally study these models in blown-up form. This minimal model result implies that all smooth toric F-theory bases can be reached by starting with P 2 or F m and successively blowing up points at the intersection between adjacent divisors to generate bases with increasing values of T . After a sequence of such blow-ups, only those bases described by a sequence of intersection numbers that is built from clusters listed in Table 1 connected by curves of self-intersection −1 or greater with the connections obeying the rules in Table 2 are possible. We have systematically enumerated all possible toric bases for 6D F-theory models using this approach. The computational details of this calculation are described in the Appendix. The result is that we find 61,539 distinct smooth toric bases possible for 6D F-theory compactifications. Some of these toric bases contain −9, −10, or −11 curves with additional singularities that must be blown up where they cross the discriminant locus. While these bases are not technically toric after this blow-up, they have a closely related structure and we include them in our analysis; we discuss this point further below. Taking a strict definition of toric bases, by not including the bases with these types of curves, reduces the total number of bases to 34,868, with the largest value of T being 129. The values of T for the allowed bases range from P 2 and F m with T = 0, 1 respectively, to a base with T = 193, where in the last case the toric base has two −11 curves that are blown up, as discussed further in Section 3.2.
Distribution of bases, non-Higgsable gauge groups, and matter content
The number of bases identified for each possible number of tensor multiplets T is graphed in Figure 5 . The numbers of bases for some representative values of T are listed in Table 3 . For T = 0, 1, 2 the bases are P 2 , the Hirzebruch surfaces F m and the surfaces X m described above. (Note that the Hirzebruch surfaces F m contain singular points that must be blown up for a good F-theory base at m = 9, 10, 11, so that there are only 10 good F-theory bases at T = 1.) The largest number of distinct bases appears at T = 25, where there are 2066 distinct toric bases. The range of bases rapidly drops between T = 30 and 60, and T = 141 is the smallest value of T with no allowed toric bases. The bases become more sporadic up to the maximum of T = 193. Some details of the bases with large T are discussed in the following subsection. A fairly typical 3 base at T = 12 is depicted in Figure 6 , both in toric fan and graphical curve form. Any toric base is characterized simply by the sequence of self-intersection numbers C 2 i of the irreducible effective curves that form a closed loop. From the clusters of curves with self-intersections below −1 we can read off the non-Higgsable gauge algebra . This base gives a 6D supergravity theory with non-Higgsable gauge algebra
content of the supergravity model associated with any such base. For example, for the base depicted in Figure 6 the gauge algebra is
One subtlety, noted above, is that many of the toric bases reached after blowing up a sequence of points on a surface F m contain curves C of self-intersection −m = −9, −10, and −11. In these cases, as mentioned in [11] , points on these curves must be blown up for a good F-theory model. Specifically, the degree of vanishing of the discriminant locus ∆ = −12K on C is given by d = [∆] = ⌈12(m−2)/m⌉ = 10 from −K ·C = −m+2. Similarly, the degrees of vanishing of f, g are [f ] = 4, [g] = 5. (This can easily be read off from the Zariski decomposition given above.) The residual part of the discriminant locus Y = −12K − dC has a further intersection with C of multiplicity 24 − 2m. Writing the equation of the curve C as z = 0, we see locally that f = z 4f , g = z 5g , so ∆ = z 10 (4z 2f 3 + 27g 2 ). It follows that the residual discriminant locus has a factor of (4z 2f 3 + 27g 2 ) and is locally tangent to C. At these intersection points the degree of ∆ is increased to 12, so the points must be blown up. After blowing up these points we have curves of self-intersection −12 that carry an e 8 gauge algebra without matter. Physically, this resolution arises because there is no appropriate representation for matter charged under the e 8 where it intersects the residual curve. While the bases that result from this process are not actually toric, due to the final blow-ups on the −9, −10 or −11 curves, the structure of these bases is closely related to that of the toric bases and we include them in our analysis, associated with the value of T that results after the necessary blow-ups of the −9, −10 or −11 curves. In the remainder of this paper we use the term "toric base" loosely to include both the genuine toric bases and those where −9, −10, and −11 curves on a toric base have been blown up.
In other work, another approach has been taken to understanding elliptically fibered Calabi-Yau threefolds for 6D theories from toric geometry. Many Calabi-Yau threefolds can be realized as hypersurfaces in toric varieties of one higher dimension, with a simple description in terms of reflexive polyhedra using the Batyrev construction [32] . In [12] , threefolds for 6D F-theory compactifications were analyzed from this approach and a method was given for computing the gauge group and number of tensors from the toric data. Kreuzer and Skarke [33] have systematically identified the roughly 500 million reflexive polytopes in four dimensions. In principle, one could identify all toric elliptic fibrations for F-theory from among this list. Recently, Braun [10] has identified those reflexive polytopes that correspond to elliptic fibrations over P 2 . By focusing on the structure of the base, the analysis we have used here simplifies the problem of identifying the distinct possible F-theory bases. For each base, there will be many elliptic fibrations in which the gauge group is enhanced, with a wide range of matter structures coming from different types of codimension two singularities. Braun identified 102,581 elliptic fibrations over P 2 . Some of the range of possible matter representations that can appear in 6D F-theory models over P 2 are identified from anomaly constraints in the low-energy supergravity theory in [8] , and analyzed from the point of view of codimension two singularities in F-theory in [9] . Understanding and classifying more completely the range of structure possible over a given base such as P 2 is an interesting problem for future work. For each of the 61,539 toric bases we have found, there will be a similar broad class of constructions. As T increases, however, the number of available moduli to tune additional gauge groups decreases, as we discuss in Section 4. Thus, we expect that while there are many models at larger values of T , the range of possibilities for enhanced gauge groups and matter structure will decrease as T increases. An interesting project for future work would be to relate the set of bases found here by direct toric analysis of the base surface to those bases that appear in the elliptic fibrations from the Kreuzer and Skarke database.
Bases with large T
As the complexity of the bases increases with T , the minimal (non-Higgsable) gauge algebra associated with the bases becomes larger. In Figure 7 we show the average rank of the gauge group as a function of T . The rank grows roughly linearly with T , with a slope close to 3/2. To understand this it is helpful to consider the more detailed structure of toric bases at large T . In Figures 8 and 9 we graph the average number of each of the non-Higgsable gauge algebra summands as a function of T . As T increases, the gauge algebra is dominated by e 8 , f 4 , and g 2 ⊕ su(2) summands. The reason that these algebra components dominate can be understood from several aspects of the analysis given in [11] . In that paper we identified a bound on T for any theory with a given non-Higgsable gauge group. For theories where the gauge group can be fully Higgsed, T is less than or equal to 9. Each gauge algebra summand contributes to the upper bound a quantity given by the last column in Table 1 . Thus, for example, a theory with gauge group SU (3) k can have a value of T that is at most T ≤ 9 + k/3. As discussed in [11] , for most of the combinations of gauge algebra summands that appear in linear chains that can be blown down without "breaking" (reducing to sequences containing multiple curves with self-intersection ≤ −3 (8), e6, so(7) ⊕ su(2) ⊕ su(2), e7 (no matter), e7 (non-Higgsable charged matter). Data is binned into groups of 5 above T = 50 due to small statistics. The point of this plot is that the average number of all of these factors is small, peaking at most at 1.5, then dropping with increasing T .
and no −1 curves), the bound on T is relatively low. By blowing up a sequence of −2 curves, however it is possible to generate a periodic sequence of the form Figure 9: Average number of gauge algebra summands as a function of T for summands g2 ⊕ su(2),f4, e8.
For these summands, the contribution grows linearly in T .
This sequence gives the largest possible contribution to ∆T per unit length of any allowed periodic sequence. It is natural therefore to expect that this sequence will play an important role in toric bases at large T . Indeed, the toric bases with large T are described by sequences of curves dominated by this periodic pattern. This corresponds in Figure 9 to the fact that the number of e 8 and f 4 summands grows as T /12 while the number of g 2 ⊕su(2) summands grows as T /6 at large T . Similarly, the rank contribution from each iteration of this pattern is 18, which with T increasing by 12 reproduces the observed 3/2 slope seen in Figure 7 .
The largest toric base has 194 curves corresponding to the rays in the toric fan. The self-intersection numbers of these curves are essentially 16 repeated copies of (3.2) with a −12 on each end, and a curve of self-intersection 0 closing the loop. The actual toric base has two −11 curves in the next-to-last places for −12 curves. As discussed at the end of the previous section, these must be blown up, so that the final associated F-theory base is not strictly toric and has −1 curves intersecting the second and penultimate −12's in the chain. The resulting geometry of the F-theory base gives the 6D supergravity theory with the largest gauge group rank known, previously identified in [12, 34] . This F-theory base has h 1,1 = 194 and gives a theory with T = 193, the largest number of tensor multiplets known for any consistent 6D supergravity theory. One way to reach this geometry is to start with F 12 , blow up the intersection point between the +12 divisor (S 0 ) and a particular fiber 24 times, and then blow up points on that fiber, leaving another fiber as the 0-curve that closes the loop. Another possibility is to start with F 0 , and then blow up the intersections connecting the 0 curve S ∞ with two different fibers 6 times each, and then blow up points on the two fibers, leaving S 0 as the 0-curve that closes the loop. The first of these possibilities can be described in terms of the systematic algorithm used for constructing all toric bases in the Appendix, and was used in [34] to construct the base geometry with T = 193.
As the number of tensors approaches the maximum of T = 193 for toric models, bases appear only sporadically. The next-highest value of T where there is a toric base is T = 182, where there are two possibilities. These bases have essentially the same structure as the T = 193 base, but only 15 copies of the cycle (3.2), and minor variations on the detailed structure. In one case, the −12's on the end of the sequence are connected by a pair of −1 curves instead of a single curve of self-intersection 0. In the other case, both the nextto-last and the final −12 on one end of the chain are replaced by −11's that are blown up at one point. At T = 171 there are four variations on the pattern with 14 copies of the cycle (3.2). At T = 161 and below there are bases at most values of T , which begin to break the pattern further -the base at T = 161 for example consists of 12 copies of the cycle (3.2) (with the second −12 coming from a blown-up −11), followed by the sequence . . . , −12, −1, −2, −2, −3, −1, −5, −1, −3, −2, −1, −8, −1, −2, −3, −2, −1, −8, 0 -the short regular pattern at the end with alternating −8 and −2, −3, −2 clusters corresponds to one of the cyclic linear chains described in [11] .
Weierstrass models
From the toric description we can readily identify the monomials appearing in the Weierstrass description (2.1) of the elliptic fibration over any given base. This provides a tool for analysis of the class of models over any given base. It is also illuminating to match the number of degrees of freedom in the Weierstrass model to the number of scalar hypermultiplets expected in the supergravity theory. In this section we describe the details of these calculations and clarify some subtleties in the degree of freedom counting.
Monomials in toric bases
Just as the set of holomorphic functions associated with a given cone σ is described by the dual cone σ * , there is a simple toric description of the monomials corresponding to sections of a given line bundle in the local coordinate patch associated with each cone. To describe the monomials in the Weierstrass functions f, g we need to characterize sections of the line bundles −4K, −6K. Recall that for a toric variety, the anticanonical divisor is given by the sum of the divisors associated with the vectors v i . It follows that for a 2D cone σ generated by the vectors v 1 , v 2 ∈ N , the condition that a monomial described by a dual vector m ∈ M is a section of −nK is that m, v 1 ≥ −n. This condition can be geometrically characterized in M by the condition that m must lie in the cone spanned by a pair of generators u 1 , u 2 for the dual cone σ * , with the base of the cone offset by the vector −n(u 1 + u 2 ) from the origin.
Based on this characterization, we can easily construct the set of monomials in the global Weierstrass description of any toric base. The monomials for the minimal bases F 0 and F 3 are shown in Figure 10 . For F m , m ≥ 2 the general pattern is that f is constrained by a right triangle with base containing 4(m + 2) + 1 points with a slope of 1/m on the diagonal, while g is constrained by a similar triangle with 6(m + 2) + 1 points on the base. The total number of monomials for F m , m ≥ 2 is then
This number is computed for each m and tabulated in Table 4 . Note that from the available monomials we can immediately check that the degrees of vanishing of f and g on each divisor are those expected. For example, for the −3 curve on F 3 , associated with the vector v 3 = (0, −1) ∈ N , it is clear from Figure 10 that there are no monomials m with m, v 3 = −4 + k for k = 0, 1, so that f vanishes to order 2 (but not higher) on that divisor.
Degrees of freedom and the gravitational anomaly constraint
The spectrum of any consistent 6D supergravity theory must obey the gravitational anomaly constraint [35, 7, 36] 
where H, V, and T are the numbers of massless scalar hypermultiplets, vector multiplets, and tensor multiplets in the theory. The physical degrees of freedom in the Weierstrass coefficients f, g correspond to massless neutral hypermultiplets in the maximally Higgsed 6D theory. Thus, there is a close correspondence between the monomials in f, g determined from the toric data and the spectrum of the theory. Matching these degrees of freedom for the generic model over toric bases gives insight into a number of features of the theory. In general, there is a redundancy in the Weierstrass parameters associated with the dimension w aut of the automorphism group of the surface B. For F m , w aut = m + 5 when m > 0, and w aut = 6 for F 0 (see Table 4 ). There is additionally an overall scale factor that can be removed from f, g without changing the geometry. Furthermore, in all cases one scalar field is not a deformation in f, g but rather arises from the overall Kähler modulus of the F-theory base. Finally, as discussed further below, curves of self-intersection −2 that do not live in clusters carrying a gauge group arise at codimension one points in the moduli space, so the degree of freedom removing these curves does not appear in the Weierstrass degrees of freedom for a given base. Putting these contributions together, the number of Weierstrass monomials is related to the number of hypermultiplets in a maximally Higgsed model over any F-theory base through 3) where N −2 is the number of −2 curves on the base B that are not in a cluster carrying a gauge group, and H charged is the number of non-Higgsable charged matter fields in the generic model over that base. In looking at different toric models it is helpful to decompose the extra Weierstrass degrees of freedom coming from the automorphism group of the base into contributions from the different divisors. In general, there are k + 1 redundant Weierstrass degrees of freedom associated with a divisor of self-intersection k ≥ 0 in the toric fan. This is easily seen from the description of the automorphism group given by Cox [37] , in terms of the homogeneous coordinate ring of the toric surface and the associated "polar polytope". There is a simple combinatorial description of the polar polytope: it is the set of vectors m ∈ M that satisfy m, n ≥ −1 for all of the generators n of the fan of the toric surface. This polytope is similar to the regions of points graphed in Figure 10 , but with a rescaling of the lattice. Each lattice point which is in the interior of a codimension one face of the polar polytope is associated with a one-parameter subgroup of the automorphism group, and these are all independent. (See also [38] ). For a curve of self-intersection k, since −K S · C = k + 2, the corresponding edge of the polar polytope has k + 3 lattice points, k + 1 of which are interior lattice points.
For example, for F 0 , each curve associated with a divisor v i in the toric fan has selfintersection 0. Each such curve has a single degree of freedom associated with fixing the position of the curve in the given toric coordinates (for D 1 , D 3 ∼ F this corresponds to fixing a coordinate z = z 0 , and for D 2 , D 4 this corresponds to fixing a coordinate w = w 0 ). These degrees of freedom are removed when we blow up points on these curves that fix the locations of the proper transforms in the new base B ′ . There are also two Weierstrass degrees of freedom present for every toric variety that cannot be removed by blowing up, associated with rescaling of the two toric coordinates z, w. Combining these contributions with the missing degrees of freedom for −2 curves, we write the total number of "extra" Weierstrass degrees of freedom as
The dimension of the automorphism group is the sum of all these contributions except for the missing moduli from −2 curves
To see how this correspondence works in an example, consider the simple case of F 0 = P 1 × P 1 . In this case we have (see Figure 10 )
Thus, there are W = 81 + 169 = 250 coefficients f ab , g ab associated with independent monomials in the Weierstrass parameters f, g for B = F 0 . Comparing to (4.2), the generic model over this base has T = 1 and a completely Higgsed gauge group (V = 0), so we expect H = 244. This matches with (4.3) since w aut = 6 for F 0 . Another useful case to consider is F 2 . As mentioned above, part of the difference between the number of Weierstrass moduli and the number of hypermultiplets arises from curves of self-intersection −2. In general, a curve of self-intersection −2 that does not connect to a cluster containing other curves of self-intersection −3 or less (and that therefore does not carry a non-Higgsable gauge group factor by Table 1 ) arises in the branch of moduli space associated with a base without that −2 curve at a locus of complex codimension one. For example, F 2 , which is topologically equivalent to P 1 × P 1 , arises on a codimension one locus in the space of F 0 . 4 Thus, we associate with each curve of self-intersection −2 a deficit in the number of degrees of freedom counted by Weierstrass moduli of −1, as in (4.3). For F 2 , the number of Weierstrass monomials is 250, and the automorphism group has dimension 7, so only 243 degrees of freedom (including the overall scaling factor that compensates for the missing Kähler modulus) are described by the Weierstrass monomials. The remaining scalar field that brings the total to 244 is the one that was tuned to produce the −2 curves.
For each of the Hirzebruch surfaces F m , it is straightforward to verify that the counting of degrees of freedom matches both with the size of the automorphism group through (4.3) 
Blowing up points and degrees of freedom
Having checked that the degree of freedom counting matches for the Hirzebruch surfaces F m , we can perform a sequence of successive toric blow-ups and match the decrease in degrees of freedom to changes in the divisor structure. From the gravitational anomaly constraint (4.2) or from simple geometric considerations on the local form of the Weierstrass model, we know that generally 29 scalar degrees of freedom are removed when a point is blown up. The number of Weierstrass degrees of freedom lost may differ if curves of self-intersection −2 or k ≥ 0 are involved, due to the under-or over-counting associated with these divisors. Furthermore, if the non-Higgsable gauge group structure is changed then the number of massless scalars will change accordingly, in correspondence with the gravitational anomaly constraint (4.2). The change in degrees of freedom from the different kinds of blow-ups, for example blowing up a point between the −2 curve and a −3 curve in the sequence −1, −2, −3, −1, can in principle be checked by doing a local analysis of the toric geometry using only the nearby relevant divisors. We have done the check directly on the global models, by systematically verifying for all 61,539 toric bases that the matching between Weierstrass parameters and neutral scalar fields works out. This confirms the expectation that in general global models the gauge group and matter content on any nonHiggsable cluster of intersecting divisors is the minimum required from the intersection of the divisors with −K. As a particular example, the largest base with T = 193 has a Weierstrass model with 15 monomials, encoding 12 physical degrees of freedom. It may be instructive to follow an explicit example through a sequence of blow-up operations and confirm that the number of Weierstrass degrees of freedom varies as expected. This sequence of blow-up operations and the resulting constraints on the monomials m ∈ M are shown geometrically in Figure 11 . In the first step, 31 Weierstrass degrees of freedom are removed. This can be understood as the 29 physical scalars that are traded for the extra tensor, plus two unphysical Weierstrass moduli associated with the first two divisors in I 1 , whose self intersections decrease from 2 and 0 to 1 and −1 (i.e., w extra is reduced from 4 to 2). At the next stage again 31 Weierstrass degrees of freedom are removed. 29 of these again are physical scalars, and two are the extra moduli associated with fixing −2 curves in B 3 that do not support a gauge group (N −2 goes from 1 to 3). For the base B 4 , the model develops a non-Higgsable (−3, −2) cluster that requires a gauge group of g 2 ⊕su(2). For this model we have T = 4, a gauge group of dimension V = 17, and 8 charged hypermultiplets. The total number of scalar hypermultiplets should be H = 273 + V − 29T = 174. There are 2 universal extra Weierstrass parameters, w extra = 1 (from 2 + 1 extra Weierstrass parameters for the curves of self-intersection 1 and 0, and two missing moduli from the two −2 curves that do not carry gauge groups), so the number of moduli from the Weierstrass counting should be 169 − 3 = 166. The maximally Higgsed model over this base has 8 charged scalar hypermultiplets (16 half-hypermultiplets) that cannot be Higgsed, from Table 1 . From this counting it is clear that, just as for the matter charged under f 4 on a −4 curve, these non-Higgsable charged matter fields do not appear in the Weierstrass parameters for this model. In the final model with base B 5 , we have T = 5, a gauge group of dimension V = 36, and no matter, so we expect H = 273 + V − 29T = 164. This is in exact agreement with W = 167 since there are 2 universal extra Weierstrass parameters, and w extra = 1 (from 2 + 1 extra Weierstrass parameters for the curves of self-intersection 1 and 0, and two missing moduli from the two −2 curves that do not carry gauge groups). We can furthermore check that in this sequence of models the degrees of vanishing of f, g on the various curves are precisely the minimal values expected. In particular, we can check that the degrees of vanishing of f, g on the −3, −2 curves in I 4 are (2, 3) and (1, 2), as computed in [11] , by confirming for example that all monomials m in f satisfy m, D −3 ≥ 2, etc. As discussed above in the case of F m and the blown-up base B 3 from (4.10), charged hypermultiplets associated with non-Higgsable matter content do not appear as Weierstrass degrees of freedom. This makes sense, as Weierstrass degrees of freedom are generally uncharged scalar moduli (with the exception of the redundant unphysical degrees of freedom discussed above). This raises the natural question of where the moduli associated with the non-Higgsable charged hypermultiplets arise in the F-theory description. Geometrically, from the M-theory point of view the charged matter corresponds to additional 2-cycles in the resolved geometry. Like the cycles associated with gauge fields on the 7-branes, however, these M-theory degrees of freedom are not included in the geometrical degrees of freedom in the Weierstrass description of an F-theory model. Another example of this appears when the Weierstrass parameters are tuned to produce an enhanced gauge symmetry on some particular divisor. As discussed in detail in [9] in the case of the P 2 base, and in [39] for the bases F m , m = 0, 2, the number of moduli that are tuned to produce, for example, an SU (N ) gauge group is given by the dimension of the group, N 2 − 1. Thus, at an enhanced symmetry point, the Weierstrass parameters that are fixed become some of the matter fields that are charged under the enhanced gauge group. The total number of fields also increases, however, at the enhanced symmetry locus by the dimension of the group. Thus, extra charged matter fields must be included when degree of vanishing of the divisor locus is enhanced on some particular curve. Physically, this corresponds to extra degrees of freedom occurring when 7-branes become coincident. On coincident 7-branes there are indeed extra fields, scalar fields that live in the adjoint of the gauge group. These are the fields used in [40] to describe additional structure of the Hitchin bundle over the branes in the structure referred to as "T-branes". It is natural to speculate that in all cases, the additional "missing" charged scalar fields in the Weierstrass model correspond to such fields on the branes. In fact, it should also be noted that the 6D supergravity scalar hypermultiplet fields are quaternionic and each contain four real degrees of freedom. The Weierstrass moduli are complex and only contain two degrees of freedom; the remaining degrees of freedom are contained within the 7-branes and not usually treated within the F-theory context. Associating the extra charged matter fields with fields on the brane as just suggested would naturally complete the counting of degrees of freedom, although a more explicit description of the non-Higgsable charged matter fields in this fashion is desirable. In any case, the usual formulation of F-theory in terms of Weierstrass models does not contain a number of the degrees of freedom of the theory, such as the overall Kähler modulus and these charged moduli and the other gauge degrees of freedom on the 7-branes, that in the 4D context can carry fluxes. At this stage, while F-theory is a useful way of characterizing a general class of nonperturbative string vacua, there is still no systematic formulation that gives a complete description of the corresponding low-energy supergravity theory. Some recent work on a more complete correspondence through M-theory appears in [41] 5. Further directions
Non-toric bases
A natural extension of this work is to attempt a systematic classification of all F-theory bases without the toric constraint. It has been proven that the number of birational equivalence classes of elliptically fibered Calabi-Yau threefolds is finite [31, 42] . A simple argument based on the Weierstrass parameterization shows that there are a finite number of branches of the F-theory moduli space associated with distinct bases [16] . But there is as yet no systematic classification of all such bases or elliptic fibrations. To extend the classification beyond the toric set, more complicated intersection structures of divisors must be considered. As analyzed in [11] , there are strong constraints on what types of intersections can arise. The only ways in which a set of curves of self-intersection k ≤ −2 can intersect one another are those tabulated in Table 1 , and all ways in which a −1 curve can intersect these clusters are listed in [11] . Nonetheless, the combinatorial possibilities become large as the number of tensor multiplets increases, so a systematic classification becomes challenging. One approach is to begin with a bound on T . While we believe that the (essentially) toric example described here and in [12, 34] with T = 193 is the base with the largest value of T , this has not been proven. We describe here briefly two approaches that could be taken to bound T and/or to systematically classify more general F-theory bases. We leave further elaboration of these ideas to future work.
For toric bases the irreducible effective curves of negative self-intersection form a simple closed loop of pairwise intersections. The main new features that appear in considering non-toric bases are branches, where one curve can intersect 3 or more other curves, and additional loops. We can construct a large family of non-toric bases that have branching and additional loops but that still have enough of the structure of toric surfaces that they can be studied in a controlled fashion. We do this by considering a slightly more general class of blow-ups of the Hirzebruch surfaces F m . As discussed in the Appendix, the toric surfaces for F-theory can all be constructed by blowing up only the points at which a pair of fibers F 1 , F 2 intersect the sections S ∞ , S 0 of self-intersection ±m, or after blowing up such points, further blowing up at intersection points between pairs of curves of negative self-intersection arising from the blow-up of the F i . We can explore a larger space of bases by simply including more fibers but only blowing up points in the same fashion. In particular, we do not blow up any points that are on a fiber F but not at an intersection either between F and S ∞ or S 0 , or between two curves of negative self-intersection that lie within F . This choice preserves the C * action on the fibers that is part of the toric (C * ) 2 action. In general, it is difficult to tell which new curves of negative self-intersection will appear after blowing up a sequence of points, but in this case with a residual C * action no new curves need to be added other than the exceptional curves from the blow-ups.
We can in principle systematically describe all non-toric bases with the structure just described. We report here on only one simple experiment in this direction, which provides supporting evidence for the conjecture that there are no models with T > 193. We have considered possible non-toric bases that can be formed in the class described above by blowups on three distinct fibers F 1 , F 2 , F 3 . We start from F m and blow up the intersections between the F i and S 0 by k, l, r times respectively, with each of k, l, r ≥ 1, and k+l+r ≤ 2m. This gives us a "frame" similar to those described in the Appendix but with 3 chains connecting the divisors S ∞ , S 0 . This gives some tens of thousands of non-toric models, of which the largest has T = 170. The model with T = 170 is produced by choosing m = 12, k = l = 1, r = 22, and has simple chains (−1, −1) replacing F 1 , F 2 , and a chain of length 167 for F 3 containing 14 copies of the pattern (3.2) without the terminal −12's, and with the 12th curve from each end having self-intersection −11 instead of −12. This base is closely related to the structure of the base with the largest T = 193, and the other bases of this non-toric type with large T are similar. The next-largest has T = 159, with F 2 or F 1 replaced by (−1, −2, −1) and only 13 copies of the E 8 pattern in F 3 . This analysis indicates that there are no local types of branching where one curve connects to three that increase the range of possible T 's. We can understand this geometrically by noting that large T is always associated with chains locally dominated by the pattern (3.2). This follows from the bounds on T for any given gauge group studied in [11] . From that analysis, and from the gravitational anomaly bound (4.2), it is clear that increasing T substantially is only possible when the gauge group is large, and E 8 and the associated periodic chain sequence provides the largest gauge group for the smallest change in T . To do better than the linear sequence of 16 copies of (3.2) with terminal −12's that forms the basis of the toric model with T = 193, somehow the −12 curves carrying the E 8 factors would need to be connected in a way that increases the possible T while still giving a surface that blows down to a Hirzebruch surface with only one curve of negative self-intersection. From the connectivity rules in Table 2 , a −12 curve can only be connected by a −1 curve to a sequence of curves of self-intersection −2, −2, −3, and this can in turn be connected to a curve of self-intersection at most −5. This severely limits the range of possible structures incorporating −12 curves. We cannot, for example, have three −12, −1, −2, −1, −3, −1 chains attached to a single −5 curve, or as we blow down the chains the −5 curve would become a curve of positive self-intersection leaving three disconnected components. This is incompatible with the minimal model result that the surface must blow down to a surface with at most one curve of negative self-intersection, unless the original three chains are connected through other −1 curves. In the latter case the original −5 curve plays no role and can be dropped from the analysis. While this is a somewhat heuristic analysis, it gives the flavor of the underlying geometric reason why it is difficult to connect −12 curves in any way that can allow T > 193. Combining this with the systematic analysis of non-toric models with three fibers described above seems to give strong evidence that T = 193 is indeed the largest value of T for any 6D F-theory model, even allowing non-toric structure for the base. A rigorous proof of this result would, however, be nice to have.
While the preceding general arguments suggest that the upper bound on T is indeed 193, a complete proof of this statement may be somewhat nontrivial due to the combinatorial complexity of the set of possible combinations of intersecting divisors when the toric constraint is relaxed. The number of possible distinct ways that a −1 curve can intersect a combination of non-Higgsable clusters is 183, as shown in [11] . Considering combinations with more than a few clusters leads to a rapid combinatorial growth in possibilities. Nonetheless, using some general principles it may be possible to put a fairly strict bound on T , and possibly even to prove the bound T ≤ 193. To illustrate how this might work we briefly consider a simplified piece of the problem. The remainder of this subsection is not relevant for the rest of the paper, and the reader not interested in worrying about how to bound T for non-toric bases can skip to Section 5.2.
We consider the subclass of F-theory bases that contain only −1 and −4 curves. This corresponds to low-energy supergravity theories with a gauge group SO(8) k /Γ and no matter in the maximally Higgsed phase, where Γ is a discrete quotient that will not concern us. From the general arguments in [11] and the value of ∆T = 1 in Table 1 , we know that any theory with a maximally Higgsed gauge group containing only k so(8) summands has a maximum value of T ≤ 9 + k. There are only a few ways in which −4 curves can be connected by −1 curves. From the Table in [11] , a −1 curve can only (i) intersect a single −4 curve once, (ii) intersect two distinct −4 curves once each, or (iii) intersect a single −4 curve twice. This limits the range of possibilities, and makes a general argument bounding both k and T possible without too many combinatorial complications. The basic idea is to consider all possible ways in which a combination of −4 curves can be connected and blown down to a generalized del Pezzo surface containing no curves of self-intersection −3 or below. Note that any surface with T > 3 with no curves of self-intersection −5 or less that can be blown down to F 4 can also be blown down to F 2 -since the points blown up on the F 4 must lie off the −4 curve -and therefore can be blown down to a generalized del Pezzo. Generalized del Pezzo surfaces have at most T = 9. For T < 9, a generalized del Pezzo surface has at most T (−2)-curves, and for T = 9 the maximum number of such curves is 12. The generalized del Pezzo surfaces at T = 9 are rational elliptic surfaces, for which a complete list is known of the possible intersection configurations of −2 curves Figure 12 : Configurations of −4 curves connected by −1 curves (depicted as graphs with −4 curves as nodes), and the configurations of −2 curves (depicted as bold lines) reached after blowing down all −1 curves needed to reach a generalized del Pezzo surface [44, 45] . 5 While the number of −1 curves becomes infinite at T = 9, we need only consider a finite subset. For any valid F-theory base containing a realizable configuration of −4 curves there is at least one finite set of −1 curves that can be added to the −4 curves forming a network with the property that all curves needed to blow down to a generalized del Pezzo are present, and that no −1 curves not needed for this blow down are included. Such a network can be depicted schematically as a graph where a set of nodes (the −4 curves) are connected by edges (the −1 curves) (see Figure 12 ). If we denote by N the number of −4 curves in an allowed configuration on a base associated with a theory having a given value of T , B the number of blow-downs that must be done to reach a generalized del Pezzo, and R the number of −2 curves remaining after the blow-downs, we have from the bound on the number of −2 curves R ≤ 12
We can, however, determine a lower bound on the ratio
For any connected graph, this bound holds. For example, a graph formed from a loop of n −4 curves connected by −1 curves (Figure 12 (a) ) has b = r = n so (3r/4 + b)/n = 7/4 > 23/16. As another example, the graph formed by a single −4 curve connected by −1 curves to 3 other −4 curves (Figure 12 (b) ) has b = 4, r = 3, n = 4, so (3r/4 + b)/n = 25/16 > 23/16. The bound is matched by a graph component consisting of a −4 curve connected to 3 other −4 curves of which one is terminal and two connect by a single edge to another graph component -this blows down to a −2 curve intersecting a pair of −1 curves at a single point and has a contribution of r = 1, b = 5, n = 4 (counting the blow-down of each of the two "external" −1 edges as b = 1/2) for a total of (3r/4 + b)/n = 23/16. The simplest example of a graph formed from a single component of this type is shown in Figure 12 (c). This graph has B = 5, R = 1, N = 4, so ρ = 23/16; note that the blown-down configuration contains in addition to the −2 curve a pair of −1 curves not shown in the figure, which intersect each other in two points, one of which is along the −2 curve. A somewhat tedious case-by-case analysis of various components shows that the bound (5.2) cannot be exceeded. (For example, extending any diagram by including an extra node on a linear string of nodes contributes a factor of 7/4 just as in the closed loop example above). From (5.2) and (5.1) it follows that 7N/16 ≤ 9 ⇒ N ≤ 20, from which it follows that T ≤ 29 for any F-theory base corresponding to a 6D supergravity theory with only so (8) gauge algebra summands. This shows how in principle T can be bounded for a given class of gauge algebras. In fact, this bound is weaker than the true limit. The configurations that realize the bound (5.2) give −2 curve configurations that cannot appear in a generalized del Pezzo with T = 9 [44, 45] . It seems likely that the maximum N, T that can be realized in practice is N = 12, T = 21. This can be achieved by a set of loops as in Figure 12 (a) of total length 12, or 3 copies of Figure 12 (b). Note that a loop of this type of length 12 is not possible. One possible configuration of total length 12 comes from an allowed configuration of −2 curves on dP 9 consisting of nine −2 curves in a closed loop and three −2 curves in a closed loop of length one (i.e., with a single self-intersection). It is not possible to achieve a closed loop of alternating −4, −1 curves in the toric context since this would blow down to a closed loop of −2 curves, not a Hirzebruch surface. The largest related toric base without curves of self-intersection −5 or below has a loop of curves containing six −4 curves and three −3 curves in 3 repeated copies of the pattern (−1, −4, −1, −3, −1, −4, . . .). Non-toric blow-ups of the 3 −3 curves give a loop containing nine −4 curves with the structure of Figure 12 (a). Note also that while 4 copies of the diagram in Figure 12 (b) does not violate the bounds stated above, the detailed list of possible −2 configurations on a rational elliptic surface only allows for three of the Kodaira type IV configurations of three intersecting −2 curves. In principle such constraints can be included in a stricter bound that seems likely to rule out all configurations with N > 12, but we do not pursue the details of such an argument here. This discussion is intended only to give a flavor of how one might construct a general argument bounding T ≤ 193, where a much more complicated set of configurations involving all the possible clusters from Figure 1 must be treated. We leave further analysis along these lines for future work.
Constraints on 6D supergravity theories
In ten dimensions, the macroscopic conditions of supersymmetry and anomaly cancellation conditions constrain supergravity theories so strongly that all spectra compatible with these conditions are realized as string theory vacua [47, 48, 49] . A theme in a series of recent works has been to investigate the extent to which a similar statement is true in six dimensions by exploring the space of 6D theories compatible with known constraints [50, 51, 39, 52] . F-theory, in its current formulation, imposes additional constraints on 6D supergravity theories; because of the close correspondence between 6D supergravity data and F-theory geometry, these F-theory constraints can be interpreted in a straightforward fashion as conditions on the spectrum and action of 6D supergravity theories [16] . One constraint imposed by F-theory on 6D supergravity is that the lattice of dyonic string charges in the 6D theory be unimodular. This turns out to be a consistency constraint on 6D supergravity theories independent of F-theory [17] , and therefore limits the space of theories. Other constraints arise from F-theory for which it is not yet known whether the constraints are actually necessary for consistency of quantum supergravity KEK in 6D, or if the constraints are simply associated with F-theory and can be avoided in another approach to quantum gravity, such as a more general string compactification mechanism. One such constraint on the low-energy theory follows from the "Kodaira condition" in F-theory stating that the total discriminant locus is [∆] = −12K [16] . In the low-energy theory, −K appears in the gravitational Green-Schwarz coupling of the form a · B ∧ R ∧ R, where K → a, and the divisor classes D i on which 7-branes are wrapped to give nonabelian gauge groups are encoded in the gauge Green-Schwarz couplings of the form b i · B ∧ F ∧ F , where D i → b i . These terms are constrained by the Kodaira condition since −12K − i ν i D i must be an effective divisor (where ν i is the multiplicity of 7-branes wrapped on D i ) and therefore the corresponding combination of Green-Schwarz coefficients must give a certain sign when dotted into the Kähler modulus j, which is a vector under SO(1, T ) associated with the scalars in the T tensor multiplets.
In the analysis of [11] and this paper, we used a key feature of the algebraic geometry, which is that whenever there exists an irreducible effective divisor C with C · C ≤ −3, it is necessarily the case that −K · C < 0 and there must be a nonabelian gauge group factor associated with this divisor. This condition has a corresponding interpretation in the resulting low-energy supergravity theory. For any low-energy 6D supergravity theory arising from F-theory, if there is a supersymmetric dyonic string state of charge b such that the inner product b · b associated with Dirac quantization satisfies b · b ≤ −3, then b must be the coefficient in a Green-Schwarz coupling b·B ∧ F ∧ F for some gauge group factor containing at least the minimal gauge algebra associated with that negative self-intersection number through Table 1 . This is true as well for the combinations of self-intersection numbers (−3, −2), etc. giving non-Higgsable clusters containing multiple divisors. This condition is a highly nontrivial constraint on 6D supergravity theories, relating the structure of the dyonic string spectrum to the gauge and matter structure of the theory. This condition is also sufficient to imply the Kodaira condition. It would be very interesting to identify some reason in low-energy supergravity why this kind of condition must hold. If this could be done it would place very strong additional constraints on the space of consistent 6D supergravity theories and would be a major step forward towards matching the set of consistent gravity theories with those that can be realized from F-theory or other string compactifications.
The other key feature that was used in the analysis of this paper was the pattern of divisor intersections produced by a blow-up of a point on the base. While the corresponding transitions between 6D supergravity theories with different numbers of tensor multiplets have been identified as tensionless string transitions [4, 5, 3] , these transitions are not well understood from the supergravity point of view. Showing that low-energy physics requires these transitions to impose changes in the dyonic string lattice matching the changes in intersection structure used in this paper would be another useful step in limiting the range of possibilities for consistent 6D theories to match with what can be produced from Ftheory.
It is also possible that more general types of F-theory compactifications may be possible, such as using orbifold bases or incorporating additional structure such as the "Tbranes" of [40] . It is possible that some variations of F-theory or other string compactifications, such as on asymmetric orbifolds, may give rise to low-energy theories that violate the Kodaira constraint or other apparent constraints from F-theory. If it can be shown that string theory can indeed produce additional 6D theories beyond those realized through conventional F-theory, it would be desirable to understand how these fit into the larger space of theories and match with low-energy constraints.
4D F-theory models with toric bases
There is a parallel structure between F-theory compactifications to six dimensions and to four dimensions. In both cases, there is an underlying geometric moduli space of ellipticallyfibered Calabi-Yau manifolds that provides a substrate for understanding the space of supersymmetric vacua. In 6D this moduli space appears directly in the low-energy theory, as all moduli are massless scalar fields. In 4D, this moduli space is obscured from the point of the low-energy theory since many moduli are lifted by the necessary inclusion of fluxes, as well as other perturbative and nonperturbative effects. Nonetheless, studying the moduli space of elliptic fibrations with section whose total space is a Calabi-Yau manifold provides a clear mathematical starting point for global studies of the space of 4D supersymmetric F-theory vacua just as in 6D. Just as the Green-Schwarz terms appearing in 6D theories provide a natural connection to the geometry of F-theory, similar axion-curvature squared terms that arise in 4D theories characterize the geometry of an elliptically fibered fourfold [53] . As the minimal model analysis provides a systematic way of treating complex surfaces that can be bases for 6D F-theory compactifications, the more general approach of Mori theory [54] gives a similar approach to treating complex threefold bases. Unlike in 6D, where a series of exceptional curves can be blown down resulting in a minimal base that is either P 2 , a Hirzebruch surface F m , or the Enriques surface, in 4D the set of minimal bases is much larger and includes a variety of singular spaces. Nonetheless, in the toric context the general Mori program simplifies and is clearly understood from a mathematical perspective. So a systematic analysis of toric F-theory bases for 4D supergravity theories along similar lines to the work in this paper should be possible. Previous analyses of a variety of toric constructions for 4D F-theory models have been carried out in, for example, [55, 56, 57] . For threefold bases the story is complicated by the fact that either points or curves can be blown up, and the curve structure can be changed by "flips" and "flops" that leave the divisor structure invariant. While for 6D models the tensionless string transition associated with blowing up a point in the base involves trading 29 scalar fields for one tensor field, the analogous geometric transition for 4D theories involves blowing up a curve, with a more complicated change in the spectrum. Another kind of transition that is less well understood from the physics perspective involves blowing up a point to a divisor, requiring the tuning of 481 scalar fields [58, 53] . Just as for the transitions involving blowing up points in a base surface this tuning of moduli is visible in the Weierstrass monomials for a base toric threefold.
The other key element in the analysis of this paper that must be generalized systematically to 4D is the correspondence between the intersection structure of divisors in the base and necessary structure in the gauge group and matter content of the low-energy theory. For base surfaces this is relatively straightforward because the intersection theory is simply governed by an integral lattice with known properties. For base threefolds, this is more complicated as the intersection structure is described by a triple intersection form on divisors. Again, however, this structure simplifies for toric bases. We can systematically identify all local "non-Higgsable clusters" for toric threefold bases in a similar fashion to the analysis of [11] . To identify all possible structures for a single divisor, we can locally consider a P 1 bundle over a set of surfaces including each of the 61,569 toric base surfaces identified in this paper. Systematically identifying all possible local toric structures for the section corresponding to a given surface B will give all single-component NHC's for a toric surface divisor of that topology. We can then systematically combine these NHC's as in [11] , but in a 2D triangulation, to get a list of all local non-Higgsable clusters for 3D bases.
As a simple example of toric threefold bases for which minimal gauge structure must be present, which also illustrate the simplest NHC structure for threefold bases, there is a family of toric threefoldsF m that are closely analogous to the Hirzebruch surfaces. These are P 1 bundles over P 2 , with the single parameter m characterizing the bundle. F-theory oñ F m is dual to the heterotic theory on a Calabi-Yau manifold given by an elliptic fibration over P 2 [59, 53] . A toric description ofF m is given by a fan in which the 1D cones are generated bỹ
The 2D cones for this model are generated by all pairs of v i , v j , i = j except v 4 , v 5 , and the 3D cones are given by all triples not including both v 4 and v 5 . Just as for the Hirzebruch surfaces F m with m ≥ 3, for the basesF m on the divisor v 4 f and g must vanish to sufficiently high degree for a nonabelian gauge group through the Kodaira classification. To see this explicitly, using the same logic as in Section 4, the lowest degree of vanishing n of an allowed section of −aK on the divisor D associated with v 4 (the section of the P 1 fibration) is realized at the point x = (−a, −a, n − a) in the dual lattice M , which must satisfy x · v 3 = (2 − m)a + mn ≥ −a, so the degree of vanishing of f, g on D must be at least
Thus, for example, onF 4 the degrees of vanishing of f, g, ∆ are at least 1, 2, 3, giving an A 1 singularity with a nonabelian gauge algebra summand su(2). Similar results hold for larger m, with increasingly large gauge groups, up to m = 18 with an e 8 gauge algebra, beyond which the singularity becomes too bad to support an F-theory model; this matches with the dual heterotic theory where the number of instantons in each E 8 factor of the gauge group is 18 ± m [59, 53] . This kind of analysis can be carried out for other base threefolds, using a general form of the Zariski decomposition (2.4), though the mathematics is more complicated when the base is non-toric. The structure of theF m around v 4 describes all possible local toric configurations for a P 2 divisor, so that the divisors up to m = 18 classify all NHC's on a single P 2 divisor. As discussed above, this process can be repeated for P 1 bundles over all allowed base surfaces to get a complete list of NHC's on a single divisor, and iterated to find all NHC's for threefold bases. We can in principle explore the space of all possible toric threefold bases for elliptic fibrations in a similar fashion to the analysis of this paper. By starting with a minimal set of bases, and then blowing up and performing flips and flops in all ways compatible with the bound on degrees of f and g on all divisors, curves, and points, we can construct all toric threefold bases for elliptically fibered Calabi-Yau fourfolds. This will be a computationally more extensive endeavor, however, then the classification of surface bases in this paper.
It would also be interesting to systematically analyze the scalar degrees of freedom in 4D F-theory models from the point of view of the toric monomials. Combining the singularity structure and Weierstrass formulation for 4D theories should lead to a similar correspondence between the 4D spectrum and 4D toric data; though there is no gravitational anomaly in 4D that gives a condition analogous to (4.2), there is a close parallel between geometric constraints on 4D theories from F-theory compactifications and the underlying geometry [53] . Though all this structure is less apparent in four dimensions than in six due to the lifting of moduli as mentioned above, a systematic analysis of the part of the theory dependent only on the underlying geometry should be possible. We leave further analysis of these questions for future work.
Conclusions
We have systematically classified all toric bases for elliptically fibered Calabi-Yau threefolds. These bases can be used to construct 6D supergravity theories from compactification of F-theory. There are 61,539 such bases, giving supergravity models that typically have T ∼ 25 tensor multiplets, and have at most T = 193 tensor multiplets. We have some evidence and heuristic arguments that no larger value of T is possible even for non-toric bases, though we do not have a rigorous proof of that statement. For values of T much above 25, the gauge group has a rank that grows linearly in T and is dominated by gauge algebra summands e 8 , f 4 and (g 2 ⊕ su(2)) with minimal non-Higgsable matter.
We have systematically determined the monomials in the Weierstrass equation for these bases from the toric data and matched with the degrees of freedom allowed from the gravitational anomaly constraint (4.2). We find that non-Higgsable matter fields do not appear in the set of Weierstrass parameters. In general, the degrees of vanishing of f, g on the curves of negative self-intersection in the base are those associated with the minimal (non-Higgsable) gauge and matter content described in [11] .
Much of the analysis of this paper can be carried through in a similar but more complicated context in four dimensions. For four-dimensional supergravity theories, the underlying geometry of the moduli space of elliptically fibered fourfolds is expected to have an analogous (though more complicated) structure to the space of elliptically fibered threefolds. The space of physical theories is less directly related to this moduli space, however, as many moduli are lifted by fluxes that must be included to satisfy tadpole cancellation conditions. We expect, however, a similar structure for 4D theories, in which base manifolds of more complicated topology require increasingly large gauge groups, corresponding to the non-Higgsable gauge group factors appearing at large T in the 6D theory. It will be interesting to understand whether in fact large non-Higgsable gauge groups are in some sense generic for 4D theories. There are many ways in which this genericity may be avoided, however. The larger number of moduli for theories with smaller T in the 6D context likely corresponds to an exponentially larger number of discrete flux vacua in the 4D context (see [43, 14] for reviews of flux vacua), so the more complicated bases may be suppressed by this effect. Codimension 3 loci where f, g, ∆ vanish to orders at least 4, 6, 12 necessarily involve surfaces as limiting fibers in the elliptic fibration and -unlike the codimension 2 case -this cannot be cured by blowing up the base [60] ; it is unknown what the physical interpretation of such 4D F-theory vacua might be. Or there may be additional effects that mitigate the large gauge groups expected for more complicated 4D F-theory bases. We leave further investigation of this question to future work.
While we have primarily focused in this paper on the application to F-theory, the set of bases for elliptically-fibered Calabi-Yau threefolds that we have identified here have other potential applications. Understanding the set of elliptically-fibered threefolds may shed light on the difficult problem of classifying general Calabi-Yau threefolds. Elliptically fibered Calabi-Yau threefolds over the bases described here can also be used to construct a very general class of heterotic string compactifications to 4D that have F-theory duals. As described in [1, 2, 3] , in general heterotic compactification to dimension 10 − 2n on an elliptically fibered Calabi-Yau n-fold over a base B n−1 of complex dimension n−1 is dual to an F-theory compactification over a base B n that is a P 1 fibration over B n−1 . Heterotic/Ftheory duality for 4D theories has been studied for specific bundle constructions on the heterotic side, for example in the stable degeneration limit [61] . A general topological characterization of the duality independent of the type of bundle construction follows from consideration of axion-curvature squared couplings in 4D supergravity [53] . The bases given here give a broad range of spaces in which this duality between 4D supergravity theories can be studied in further detail.
A. Appendix: Systematic construction of all toric bases
In this appendix we give a brief description of the algorithm used for systematically constructing all toric bases. The basic idea is to start with the Hirzebruch surfaces and blow up intersection points between divisors until no further blow-ups are possible. Because this leads to a large number of combinatorial possibilities, it is helpful to structure the tree of possibilities in a compact way. The Hirzebruch surfaces F m have four intersecting divisors. There is a section S ∞ of self-intersection S ∞ · S ∞ = −m, and another section S 0 = S ∞ + mF of self-intersection S 0 · S 0 = m. There are two fibers F that are equivalent homologically, that can be pictured as vertical curves each of which intersects both S ∞ and S 0 . For notational convenience we call these F 1 and F 2 . We organize the possible results of a sequence of blow-ups by starting with the blow-ups at the points where S 0 intersects the fibers F i . If we start on F m and blow up the intersection of S 0 with F 1 , then the self-intersection of S 0 goes down by one, and the fiber F 1 is replaced by a pair of −1 curves that intersect one another, one intersecting S 0 and the other intersecting S ∞ . Blowing up again at the intersection with S 0 , the fiber becomes a sequence of curves (−1, −2, −1). Repeating for a total of k blow-ups, the self-intersection of S 0 reduces by k, and the fiber F 1 is replaced by a sequence (−1, −2 k−1 , −1), with k − 1 −2 curves between two −1 curves. We can then do the same thing with fiber F 2 . Blowing up l times at the intersection with S 0 we end up with a toric base described by a sequence of curves of self-intersection (see Starting with these "frames," for all possible m, k, l all possible toric bases can be realized by blowing up points between pairs of curves in the chains replacing the fibers F i . Note that if a point at the intersection of S ∞ with either fiber F i is blown up, it gives an identical chain, though with an increase by one in m. Similarly, if m−k −l < −m, then the resulting chain can be realized starting from F k+l−m , with roles of the two divisors S ∞ , S 0 reversed. Thus, we consider all possible "frames" of the form (A.1), with k + l ≤ 2m, m ≤ 12.
We can consider all blow-ups of the chains on each side of the "frames" (A.1) by considering a sequence of blow-ups of the pairs (−1, −2) and (−2, −2). For example, blowing up (−1, −2) gives (−2, −1, −3); blowing this up again gives either (−3, −1, −2, −3) or (−2, −2, −1, −4), etc.. Continuing this leads to 207 distinct ways in which the pair (−2, −2) can be blown up to a sequence that satisfies the F-theory rules contained in Table 1  and Table 2 . For (−1, −2) there are 485 possibilities. Note that in some cases, intermediate stages in the blow-up process do not satisfy the rules of Table 2 ; any intersection between clusters that are so large that ∆ has degree 12 or greater at the intersection point must be blown up until the base is acceptable. If any divisor develops a self-intersection of −13 or below then no further valid bases can be reached from this point. Given the ways of blowing up the (−2, −2) pairs, we can attach these "links" into chains recursively, by adding the change in self-intersections on the end divisors from adjacent pairs. For example, a pair (−2, −2) blows up to (−3, −1, −3). Connecting a pair of these in a chain gives (−3, −1, −4, −1, −3). In many cases, the decrease in self-intersection at the endpoints makes it impossible to connect two links. This dramatically decreases the combinatorial growth of the ways that links can be attached. For example, attaching the k links arising from blowing up each of the pairs in the sequence (−1, −2 k−1 , −1) gives rise to just 1107 possibilities for any number k ≥ 12. Given the various possibilities for attaching links we can construct the possibilities for each blown-up fiber F i , and attach these to the sections S ∞ , S 0 in all possible ways compatible with the F-theory rules in Table 1 and Table 2 . The combinatorics of this algorithm are fairly straightforward and the complete calculation can be done with a few hours of computer time in Mathematica or a similar higher-level computational package. Note that in the case k = 1 or l = 1 a fiber is replaced by only a pair of −1 curves. In this case we can proceed by blowing up the intersection point giving a sequence (−2, −1, −2). If we then continue by blowing up the intersection with the first curve another r − 1 times we get the sequence (−(1 + r), −1, −2 r ), and we can proceed as before by blowing up the (−1, −2) and (−2, −2) pairs to get links that we attach recursively.
This gives a systematic algorithm for constructing all toric bases that we have implemented to give the results described in Section 3. Note that this algorithm will produce some bases in multiple inequivalent ways. After expanding all possible "frames" (A.1) in all possible ways, we must put all resulting bases in a canonical form (such as decreasing "dictionary" ordering by rotating (and possibly reflecting) the chain so that the largest self-intersection is at the initial position etc.) Taking only one base in each canonical form gives a list in which each of the 61,539 distinct toric bases appears precisely once. Essentially the same algorithm can be used to construct a wide family of non-toric bases, where we consider more than two fibers F i and only blow up points that are either at the intersection of an F i with S ∞ or S 0 , or at the intersection of two curves within a single F i . Some partial results on these more general families of bases are described briefly in Section 5.1.
